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13. (a) F(nπ) = G(nπ) = 0  since  sin (nπ) = 0.  F and G  are periodic since sin x and cos x are periodic. 

  F and G are odd since sin x is odd and cos x is even. 

 (b) dx
sincoscosx2x

sindx
1cosx2x

sin)(F 222
1

12
1

1 α+α+α+
α

=
+α+

α
=α ∫∫ −−  

  
( ) ⎟

⎠
⎞

⎜
⎝
⎛

α
α+−

−⎟
⎠
⎞

⎜
⎝
⎛

α
α+

=⎥⎦
⎤

⎢⎣
⎡

α
α+

=
α+α+

α
= −−

−

−
−∫ sin

cos1tan
sin

cos1tan
sin

cosxtandx
sincosx

sin 11
1

1

1
22

1
1  

  ⎟
⎠
⎞

⎜
⎝
⎛ α
−−⎟

⎠
⎞

⎜
⎝
⎛ α

=
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

αα

α
−

−
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

αα

α

= −−−−

2
tantan

2
cottan

2
cos

2
sin2

2
sin2

tan

2
cos

2
sin2

2
cos2

tan 11

2

1

2

1  

  ⎟
⎠
⎞

⎜
⎝
⎛ α

+⎟
⎠
⎞

⎜
⎝
⎛ α

= −−

2
tantan

2
cottan 11  

  For  0 < α < π,  ( )
22222

tantan
22

tantanF 11 π
=

α
+⎟

⎠
⎞

⎜
⎝
⎛ α

−
π

=⎟
⎠
⎞

⎜
⎝
⎛ α

+⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ α

−
π

=α −−  

  For –π < α < 0, 0
22
<

α
<

π
− , ( )

22222
tantan

22
tantanF 11 π

−=
α

+⎟
⎠
⎞

⎜
⎝
⎛ π

−
α

−=⎟
⎠
⎞

⎜
⎝
⎛ α

+⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ α

−
π

−=α −−  

 (b) ⎟
⎠
⎞

⎜
⎝
⎛

α
α

−⎟
⎠
⎞

⎜
⎝
⎛

α
α+

=⎥⎦
⎤

⎢⎣
⎡

α
α+

=
+α+

α
=α −−−∫ sin

costan
sin

cos1tan
sin

cosxtandx
1cosx2x

sin)(G 11
1

0

1
2

1
0  

  ( ) ( )α−⎟
⎠
⎞

⎜
⎝
⎛ α

=α−
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

αα

α

= −−−− cottan
2

cottancottan

2
cos

2
sin2

2
cos2

tan 111

2

1  

  For  0 < α < π, 
22222

tantan
22

tantan)(G 11 α
=⎟

⎠
⎞

⎜
⎝
⎛ α−
π

−⎟
⎠
⎞

⎜
⎝
⎛ α

−
π

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ α−

π
−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ α

−
π

=α −−  

  For  –π < α < 0, 0
22
<

α
<

π
− ,  

  
22222

tantan
22

tantan)(G 11 α
=⎟

⎠
⎞

⎜
⎝
⎛ α−

π
−−⎟

⎠
⎞

⎜
⎝
⎛ α

−
π

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ α−

π
−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ α

−
π

−=α −−  

 (c) y = F(α) :        y= G(α) : 

 

−2π −π π 2π 3π x

2

-1.5

-1

-0.5

0.5

1

1.5

2

y

O−2π −π π 2π 3π x

2

-1.5

-1

-0.5

0.5

1

1.5

2

y

O
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14. Let  t = un ,  When  t = 1, u = 1.  When  t = xn , u = x.  Also,  dt = nun-1 du . 

 xlnn
1
x

ulnn
u

dun
u

dunuxln x
1n

1n
x

1
n ==== ∫∫

−

 

 Since  
t
1   is a decreasing function ,  ∀ t ∈ [1, 1 + x] , we have  1

1
1

t
1

x1
1

=<<
+

,  where  x > 0 . 

 From the graph (omitted), we get the area on integrating, 

  x)x1ln(
x1

xdtdt
t
1dt

x1
1 x1

1
x1

1
x1

1 <+<
+

⇒<<
+ ∫∫∫

+++ ,  where  x > 0 . 

-2 -1.5 -1 -0.5 0.5 1 1.5 2 x

0.2

0.4

0.6

0.8

1

1.2

y

O

  1
x

)x1ln(
x1

1
<

+
<

+
⇒  

 Taking limit  as  x → 0, and using the Sandwich theorem, 

  1
x

)x1ln(lim,1
x1

1lim
0x0x

=
+

⇒=
+ →→

 

  

15. (a) y =
x
1

 0
x
1'y 2 <−=⇒ ⇒  y is increasing for all non-zero  x . 

  rx1r0,x,
1r

1
x
1

r
10 <<−<∀

−
<<<    

  dx
1r

1dx
x
1dx

r
1 r

1r
r

1r
r

1r ∫∫∫ −−− −
<<   ⇒  ∫ − −

<<
r

1r 1r
1

x
dx

r
1

 

  ∫ ∑∑∑ −
=== −

<< r
1r

n

2r

n

2r

n

2r 1r
1

x
dx

r
1   ⇒ 

1n
1

...
3
1

2
1

1
x

dx
n
1

...
3
1

2
1 n

1 −
++++<<+++ ∫  

 (b) 
r
1

1r
1

r
1

1r
rln0

1r
1

1r
rln

r
10

1r
1

x
dx

r
10 r

1r −
−

<−
−

<⇒
−

<
−

<<⇒
−

<<< ∫ −  

 ∴ 
n2

1
r
12ln0

n2
1

n
1

r
1

n
n2ln0

r
1

1r
1

r
1

1r
rln0

n2

1nr

n2

1nr

n2

1nr

n2

1nr

n2

1nr
<−<⇒−<−<⇒⎟

⎠
⎞

⎜
⎝
⎛ −

−
<−

−
< ∑∑∑∑∑

+=+=+=+=+=
 

 (c) ⎟
⎠
⎞

⎜
⎝
⎛ +++−⎟

⎠
⎞

⎜
⎝
⎛ +

−
+++++=−

−
++−+−

n2
1...

4
1

2
12

n2
1

1n2
1...

4
1

3
1

2
11

n2
1

1n2
1...

4
1

3
1

2
11  

  nn2 aa
n
1...

3
1

2
11

n2
1...

3
1

2
11 −=⎟

⎠
⎞

⎜
⎝
⎛ ++++−++++=  

  
r
1

n2
1...

2n
1

1n
1

n
1...

3
1

2
11

n2
1...

3
1

2
11aa

n2

1nr
nn2 ∑

+=
=++

+
+

+
=⎟

⎠
⎞

⎜
⎝
⎛ ++++−++++=−  

  ∴  
r
1aa

n2
1

1n2
1...

4
1

3
1

2
11

n2

1nr
nn2 ∑

+=
=−=−

−
++−+−         (1) 

  Now, from (b),  0
n2

1lim
r
1lim2ln0

n2
1

r
12ln0

n
n

n2

1nrn

n2

1nr
=≤−≤⇒<−<

∞→
∞→
+=∞→+=

∑∑  

  By Sandwich theorem,  
r
1lim

n2

1nrn
∑
+=∞→

 = ln 2 .  By (1),  ...
4
1

3
1

2
1

1 +−+−  = 
r
1lim

n2

1nrn
∑
+=∞→

 = ln 2 
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16.  (a) ( ) 0
x

1tt
dx

yd
x

t
dx
dy

x
1y 2t2

2

1tt >
+

=⇒−=⇒= ++ , for all  t > 0 , x > 0 . 

  ∴ The gradient of the graph of  
tx

1
y =   is negative and increases steadily as  x  increases. 

  (1)  dx
x
1

t
1r

r∫
+  

tx
1y =  

r r+1

   = area under the curve  tx
1y =  

   < area of the trapezium  

   
( ) ⎥⎦

⎤
⎢
⎣

⎡

+
+= tt 1r

1
r
1

2
1  

  (2) dx
x
1

t
2
1r

2
1r

∫
+

−
  which hold for  t > 0 , r ≥ 1 . 

tx
1y =  

r r-
2
1

 r+
2
1

   > area of the trapezium  

   = rectangle with height tr
1  and width 1 = tr

1  

 (b) From (1), 

  
( ) ⎥⎦

⎤
⎢
⎣

⎡

+
+< ∑∫∑

−

=

+−

=
tt

1n

1r
t

1r
r

1n

1r 1r
1

r
1

2
1dx

x
1  

  ⎟
⎠
⎞

⎜
⎝
⎛ +−++++<∫ ttttt

n
1 n

11
2
1

n
1...

3
1

2
11dx

x
1  

  ∴ dx
x
1

n
1...

3
1

2
11)t(G

n2
1

2
1

t
n
1tttnt ∫−++++=<+  

  From (2), tttt
2
1n

2
1t

n

1r
t

2
1r

2
1r

n

1r n
1...

3
1

2
11dx

x
1

r
1dx

x
1

++++>⇒> ∫∑∫∑ +

=

+

−=
 

  ∴ dx
x
1dx

x
1dx

x
1dx

x
1dx

x
1

n
1...

3
1

2
11)t(G t

2
1n

nt
1

2/1t
n
1t

2
1n

2
1t

n
1tttn ∫∫∫∫∫

++ +=−<−++++=  

 (c) ⎟
⎠
⎞

⎜
⎝
⎛ −

−
=⎥

⎦

⎤
⎢
⎣

⎡
+−

== −

+−
−∫∫ t1

1t
t1

2/1t
1

2/1 2
11

t1
1

2/1
1

1t
xdxxdx

x
1 ,  if  t ≠ 1 . 

  tt
2

1n
nt

2
1n

n n2
1dx

n
1dx

x
1

=< ∫∫
++  ,  since the integrand is a decreasing function. 

 (d) From (b) , (c),  tt1t
2

1n
nt

1
2/1nt n2

1
2
11

t1
1dx

x
1dx

x
1)t(G

n2
1

2
1

+⎟
⎠
⎞

⎜
⎝
⎛ −

−
<+<<+ −

+
∫∫  

  ∴ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −

−
≤≤ −∞→ t1nn 2

11
t1

1)t(Glim
2
1   since  0

n2
1lim tn

=
∞→

 

  and by Sandwich theorem,  [ ]
2
1)t(Glimlim nn0t

=
∞→→ +

 since  
2
1

2
11

t1
1lim t1n

=⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −

− −∞→
. 
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  [ ] 11nndxndx
x
1

n
1...

3
1

2
11lim)t(Glim n

1t
n
1ttt0tn0t

=−−=−=⎥⎦
⎤

⎢⎣
⎡ −++++= ∫∫++ →→

⇒ =1 [ ])t(Glimlim n
0tn +→∞→

 

17. Consider  g(λ) = f ( λa + (1 – λ)b ) – λf(a) – (1 – λ) f(b)  as a function of  λ , for all  1 ≥ λ ≥ 0 

 g'(λ) = (a – b) f ' ( λa + (1 – λ)b ) – f(a) + f(b) 

 g"(λ) = (a – b)2 f " ( λa + (1 – λ)b ) < 0,  since f ′′(x) < 0  for all  x > 0   …. (1) 

 Since  g(0) = g(1) = 0, by Mean Value Theorem,  ∃ ξ,   0 ≤ ξ ≤ 1, such that ( ) ( ) ( ) 0
1
0

01
0g1g'g ==

−
−

=ξ . 

 ∀x, 0 ≤ x <ξ , by Mean Value Theorem,  ∃ξ1 , x ≤ ξ1 < ξ, such that  ( ) ( ) ( ) ( )
x

x'g
x

x'g'g"g 1 −ξ
−=

−ξ
−ξ

=ξ  . 

 By (1),  g"(ξ1) < 0 and  since  ξ > x , we have  g'(x) > 0. 

 ∀x, ξ < x ≤ 1 , by Mean Value Theorem,  ∃ξ2 , ξ <ξ2 ≤ x, such that  ( ) ( ) ( ) ( )
ξ−

=
ξ−

ξ−
=ξ

x
x'g

x
'gx'g"g 2  . 

 By (1),  g"(ξ2) < 0 and  since  ξ > 0 , we have  g'(x) < 0. 

 ∴ There is one and only one max of g(λ)  when  λ = ξ . 

 Since  f  is a twice differentiable function and is therefore continuous, g is also continuous. 

 Since  g(0) = g(1) = 0 and g has only one max, we have  g(λ) ≥ 0 for all  λ, for all  1 ≥ λ ≥ 0 

 ∴ f ( λa + (1 – λ)b ) – λf(a) – (1 – λ) f(b) ≥ 0  and hence  f ( λa + (1 – λ)b ) ≥ λf(a) + (1 – λ) f(b) 

18. (a) ⎟
⎠
⎞

⎜
⎝
⎛ −−= xsin

2
xsin8

3
1x)x(f  

  ⎥⎦
⎤

⎢⎣
⎡ +−=⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −−−=⎟

⎠
⎞

⎜
⎝
⎛ −−= 1

2
xcos2

2
xcos

3
21

2
xcos2

2
xcos4

3
11xcos

2
xcos4

3
11)x('f 22  

  
2

2
2

4
xsin2

3
21

2
xcos

3
2

⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛ −=  

4
xsin

3
8 4=  

 (b) From (a),  dx
4
xsin

3
8)x(f 4x

0∫=  

  For x > 0,    
4
x

4
xsin     and    1

4
xcos <<   

4
44

4
x

4
xsin

4
xcos

4
xsin ⎟

⎠
⎞

⎜
⎝
⎛<<∴  

  dx
4
x

3
8dx

4
xsin

3
8dx

4
xcos

4
xsin

3
8 4

x
0

4x
0

4x
0 ⎟

⎠
⎞

⎜
⎝
⎛<<∴ ∫∫∫  

  ∴ 
5

5

4
x

15
32)x(f

4
xsin

15
32

⎟
⎠
⎞

⎜
⎝
⎛<<  

  (c) ⎥
⎦

⎤
⎢
⎣

⎡ π
−⎟

⎠
⎞

⎜
⎝
⎛ π

−
π

−
π

=⎟
⎠
⎞

⎜
⎝
⎛ π

−
π

−
π

=⎟
⎠
⎞

⎜
⎝
⎛ π

6
sin

64
sin8

3
1

66
sin

12
sin8

3
1

66
f  

   ⎥
⎦

⎤
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛ ππ

−
ππ

−
π

=
2
1

6
sin

4
cos

6
cos

4
sin8

3
1

6 ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

π
=

2
1

2
1

2
1

2
3

2
18

3
1

6
 

  ( ) ( )[ ]1264
6
1

62
1262

3
1

62
1

2
1

2
34

3
1

6
−−−

π
=⎥⎦

⎤
⎢⎣
⎡ −−−

π
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−

π
=  
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  From (b), 
5

5

2415
32)

6
(f

24
sin

15
32

⎟
⎠
⎞

⎜
⎝
⎛ π<

π
<

π  

  Since  0
2415

32,0
24

sin
15
32 5

5 ≈⎟
⎠
⎞

⎜
⎝
⎛ π≈

π ,  ( )[ ] 01264
6
1

66
f ≈−−−

π
=⎟

⎠
⎞

⎜
⎝
⎛ π  

  ∴ 1)26(4 −−≈π  

19. Let  ( ) ( )
( )n

1n

xn
x1nxf

+
++

=
+

, then  ( ) ( )
( ) 1n

n

xn
x1nxx'f ++

++
= > 0, since  x > 0, n ∈  . 

 ∴  f(x) is increasing. 

 ∴ f(x) > f(0)   ⇒  ( ) ( )
( )

( ) ( ) ( )
( )

( )
n

n

1n

1n

n

1n

n

1n

n
xn

1n
x1n

n
1n0f

xn
x1nxf +

>
+
++

⇔
+

=>
+
++

= +

+++

 

     ⇒ 
1nn

1n
x

1
n
x

1
+

⎟
⎠
⎞

⎜
⎝
⎛

+
+<⎟

⎠
⎞

⎜
⎝
⎛ +  

 Let  ( ) ( )
( )n

1n

xn
x1nxg

−
−+

=
+

, where  0 < x < n,  n ∈  .  ( ) ( )
( )

0
xn

xn1xx'g 1n

n

>
−

−+
= +  

 ∴ g(x) > g(0)   ⇒  ( ) ( )
( )

( ) ( ) ( )
( )

( )
n

n

1n

1n

n

1n

n

1n

n
xn

1n
x1n

n
1n0f

xn
x1nxg −

>
+
−+

⇔
+

=>
−
−+

= +

+++

 

     ⇒ 
1nn

1n
x1

n
x1

+

⎟
⎠
⎞

⎜
⎝
⎛

+
−<⎟

⎠
⎞

⎜
⎝
⎛ −  

 

20. (a), (b) Bookwork, Leibnitz's Theorem. omitted 

 (c) ( ) 0ym
dx
dy

x
dx

yd
1x 2

2

2
2 =−++            …. (1) 

  Differentiate  n-times and using Leibnitz's theorem, 

   ( ) ( ) ( ) ( ) ( )[ ] 0ymy1nxyy2
!2

1nnyx2ny1x )n(2)n()1n()n()1n()2n(2 =−++⎥⎦
⎤

⎢⎣
⎡ −

+++ +++  

   ∴ ( ) ( ) ( ) 0ymnxy1n2y1x )n(22)1n()2n(2 =−++++ ++       …. (2) 

  Put  n = m  in (2) ,  ( ) ( ) ( ) 0ymmxy1m2y1x )m(22)1m()2m(2 =−++++ ++  

  If  g(x) = f (m+1)(x) = y(m) ,  then  
1x

x)1m2(
)x(g
)x('g

2 +

+
−=  . 

  ( )[ ] ( )
( )∫ ∫∫∫ +

+
⎟
⎠
⎞

⎜
⎝
⎛ +
−=⇒

+
+

−=
1x
1xd

2
1m2

dx
xgddx

1x
x)1m2(dx

)x(g
)x('g

2

2

2  

  ( )[ ] ( ) ( ) 2/)1m2(2

2

1x
C)x(gCln1xln

2
1m2xgln +

+
=⇒++⎟

⎠
⎞

⎜
⎝
⎛ +
−=⇒  

21. (a) ∫∫∫∫ θ+
θ

−
θ+

θ
=θ

θ+
−θ+

=
θ+
θθ

− n1nnn )cos2(
d2

)cos2(
dd

)cos2(
2)cos2(

)cos2(
dcos  

  =  In-1 – 2In

 (b) ∫∫ θ
θ+

−θ−θ+
=

θ+
θθ d

)cos2(
4cos4)cos2(

)cos2(
dcos

n

2

n

2
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  ∫∫∫ θ+
θ

−
θ+
θθ

−
θ+

θ
= − nn2n )cos2(

d4
)cos2(

dcos4
)cos2(

d  

  = In-2 – 4(In-1 – 2In) – 4In = In-2 – 4In-1 + 4In

 (c) 
( )

( ) ( )
( ) 2n2

2n1n

1n cos2
sin)sin(cos2)1n(coscos2

cos2
sin

dx
d

−

−−

− θ+
θθ−θ+−−θθ+

=⎥
⎦

⎤
⎢
⎣

⎡

θ+
θ  

  ( ) ( )n
22

n

22

cos2
)cos1)(1n(coscos2

cos2
sin)1n(coscos2

θ+
θ−−+θ+θ

=
θ+

θ−+θ+θ
=  

  
( ) ( ) ( ) ( )nn

2

nn

2

cos2
1)1n(

cos2
cos)2n(

cos2
cos2

cos2
)1n(cos)2n(cos2

θ+
−+

θ+
θ

−−
θ+
θ

=
θ+

−+θ−−θ
=  

  Integrate the above identity, we get: 

  
( ) nn

2

n1n I)1n(
)cos2(

dcos)2n(
)cos2(

dcos2
cos2
sin

−+
θ+
θθ

−−
θ+
θθ

=
θ+
θ

∫∫−  

     = 2(In-1 – 2In) – (n – 2) (In-2 – 4In-1 + 4In) + (n –1 ) In

  3(n – 1) In = 
( ) 1n2n1n I)3n2(2I)2n(

cos2
sin

−−− −+−−
θ+
θ

−  

  ∴ ⎥
⎦

⎤
⎢
⎣

⎡
−+−−

θ+
θ

−
−

= −−− 1n2n1nn I)3n2(2I)2n(
)cos2(

sin
)1n(3

1I  

 (d) ⎥
⎦

⎤
⎢
⎣

⎡

θ+
θ

+
π

θ+
θ

−=
θ+

θ
∫∫

ππ

)cos2(
d2

0
3/2

)cos2(
sin

3
1

)cos2(
d 3/2

012
3/2

0  

  

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+
+
−

+
+

−
−= ∫ 2

3
0

2

2 t1
dt2

t1
t12

12
)2/1(2

2/3
3
1 , 2

2

2 t1
t1cos,

t1
dt2d,

2
tant

+
−

=θ
+

=θ
θ

=  

  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ π
+−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+−=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

+
+−= −∫ 43

4
3
3

3
1

0
3

3
ttan

3
4

3
3

3
1

t3
dt4

3
3

3
1 1

2
3

0  )1(
9
3

−π=  

 

22. f(xy) = f(x) + f(y)         ….  (1) 

 Put  y = 1,  f(x×1) = f(x) + f(1) ⇒  f(1) = 0  …. (2) 

 ( ) ( )
( ) ( ) ( )

h

xf
x
h1fxf

lim
h

xf
x
h1xf

lim
h

xfhxflim)x('f
0h0h0h

−⎟
⎠
⎞

⎜
⎝
⎛ ++

=
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ +

=
−+

=
→→→

 , by (1). 

 
( )

x
h

1f
x
h1f

lim
x
1

x
h

x
h1f

lim
x
1

h
x
h1f

lim
0

x
h0

x
h0h

−⎟
⎠
⎞

⎜
⎝
⎛ +

=
⎟
⎠
⎞

⎜
⎝
⎛ +

=
⎟
⎠
⎞

⎜
⎝
⎛ +

=
→→→

 , by (2) and  x ≠ 0 . 

 ( ) ( ) ( )
x
1'f

'h
1f'h1flim

x
1

0'h
=

−+
=

→
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23. (a) (i) ( )
⎪
⎩

⎪
⎨

⎧

>>
==
<<

−
=⇒=

ex,0
ex,0
ex,0

xln
1xlnx'h

xln
x)x(h 2    ∴  h(x)  has a local minimum at  x = e 

  (ii) By (i),  h(x) ≥ h(e) e
eln

e
==  ,  for all  x ∈(1, ∞) . 

 (b) ( ) ( )
x

1b

x

b

b
blnxbxx'f

b
x)x(f −

=⇒=
−

 

  f(x)  is increasing  ⇔ f'(x) > 0 ⇔ b – x ln b > 0  ⎟
⎠
⎞

⎜
⎝
⎛∈⇔

bln
b,1x  

  f(x)  is decreasing  ⇔ f'(x) < 0 ⇔ b – x ln b < 0  ⎟
⎠
⎞

⎜
⎝
⎛ ∞∈⇔ ,

bln
bx  

 (c) Given that  1 < a < b < e , h(x)  is decreasing on  (1, e), by (a),  h(b) > h(e). ∴ e
eln

e
bln

b
=>  

  By (b),  f(x) is increasing on  ⎟
⎠
⎞

⎜
⎝
⎛

bln
b

,1 ,  f(a) < f(b)  ∴ 1
b
b

b
a

b

b

a

b

=<   or  ab < ba . 

 

24. (a) (i) For any  x ≥ 0 , ( ) 2n2n x
2

)1n(nx....x
2

)1n(nnx1x1 −
>++

−
++=+  ,  ∀ n ∈  . 

   Put  1nx n −= , 

   ( ) ( ) ( ) ( )2n2n2nnn 1n
2

)1n(11n
2

)1n(nn1n
2

)1n(n1n1 −
−

>⇒−
−

>⇒−
−

>−+  

   1nlim1nlim01nlim
1n

2lim1n
1n

2 n

n

n

n

n

nn

n ≤⇒−≥⇒−>
−

⇒−>
−

⇒
∞→∞→∞→∞→

  …. (1) 

   But  n ≥ 1  1nlim1n1n n

n

nnn ≥⇒≥⇒≥⇒
∞→

      …. (2) 

   Combine (1) and (2), 1nlim n

n
=

∞→
 . 

  (ii) 
n

n
5

4
n

5

33

n
n

6

3
n

6

3
n

5

3

n
1

n
n

1n
1nnand

n
1

n
n

n
1nn

1n
1nn

=<
+
++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=>

++
>

+
++  

   
n

n
5

33

n n
1

1n
1nn

n
1

<
+
++

<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
.  By (i),  1

n
1lim,1

n
1lim

nn

3

nn
==⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∞→∞→

 

   By Squeezing Principle, 1
1n

1nnlim n
5

3

n
=

+
++

∞→
 

 (b)   ⇒ ln f(x) = (1/x) ln x  , x > 0 ⇒ x/1x)x(f = ( ) ( ) [ ]xln1
x
1

x
1

x
1xln

x
1x'f

xf
1

22 −=×+−=  

  ( ) ( )[ ] ( )
ex,
ex,

ex0,

0
0
0

x'fxlneln
x
xfx'f 2

>
=
<<

⎪
⎩

⎪
⎨

⎧

<
=
>

⇒−=⇒  

  ∴ f(x)  is increasing on  (0, e)   ⇒ f(1) < f(2)    ⇒ 21 21 <  

f(x)  is decreasing on  (e, +∞) ⇒ f(3) > f(4) > f(5) > … ⇒ ...543 543 >>>  
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  Since  422.13,414.12 32 ≈≈ ,  therefore the greatest value among the sequence   

}n{n  , n = 1, 2, … is  422.133 ≈  

 

25. y = sin –1x  ⇒ sin y = x ⇒ 
22 x1

1

ysin1

1
ycos

1
dx
dy1

dx
dyycos

−
=

−
==⇒=  

 y = sin –1x + (sin-1x)2  ⇒ ( ) ( )[ ]xsin21
x1

1

x1

1xsin2
x1

1
dx
dy 1

22

1

2

−− +
−

=
−

+
−

=  .... (1) 

 ( )[ ]( )
( )

⎥⎦
⎤

⎢⎣
⎡ +

−
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−

+
+

−
=

−
++

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−−
=

−
−

dx
dyx2

x1
1

x1

xsin21x2
x1

1
x1
xxsin21

x1

2

x1

1
dx

yd
22

1

22/32

1

222

2

 

 ∴ ( )
dx
dy

x
dx

yd
x1

2

2
2 −−  = 2            …. (2) 

 Differentiate (2)  n-times  and using  Leibnitz’s Theorem, 

 ( ) ( ) ( ) ( ) 0
dx

ydn
dx

ydx
dx

yd2
2

1nn
dx

ydx2n
dx

ydx1 n

n

1n

1n

n

n

1n

1n

2n

2n
2 =⎥

⎦

⎤
⎢
⎣

⎡
+−⎥

⎦

⎤
⎢
⎣

⎡
−

−
+−+− +

+

+

+

+

+

 

 ∴ ( ) 0
dx

yd
n

dx
yd

)1n2(x
dx

yd
x1

n

n
2

1n

1n

2n

2n
2 =−+−−

+

+

+

+

         …. (3) 

 Put  n = 2r – 1  and  x = 0  in  (3),  

( ) ( ) ( ) ( ) ( ) 3r2

3r2
22

1r2

1r2

1r2

1r2
2

1r2

1r2

1r2

1r2
2

r2

r2

1r2

1r2
2

dx
yd3r21r2

dx
yd

dx
yd1r2

dx
yd0

dx
yd1r2

dx
yd)1n2(0

dx
yd01 −

−

+

+

−

−

+

+

−

−

+

+

−−=⇒−=⇒=−−+−−

 ( ) ( ) ( ) ( ) ( )[ ]0sin21
01

11.3...3r21r2
dx
dy1.3...3r21r2

dx
yd 1

2

22222222
1r2

1r2
−

+

+

+
−

−−=−−=⇒  

( ) ( ) ( )( )( )( )
( )( )

( ) ( ) 2

r2

2

r

2
2222

1r2

1r2

!r
!r2

2
1

!r2
!r2

2...2r2r2
123...3r22r21r2r21.3...3r21r2

dx
yd

⎭
⎬
⎫

⎩
⎨
⎧

=⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
−

⋅⋅−−−
=−−=⇒ +

+
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