Miscellaneous Calculus Problems

(@) Let y=rn-x, I—jxf(smx)dx j y)fGin(z—y))(- dy):jg(n—y)f(siny)dy

= nj;‘f(sin y)dy—j;‘yf(sin y)dy = nj;‘f(sin x)dx—jgxf(sin x)dx =nI:f(sin x)dx — |

2= nf’fsinx)dx  and 1= gj;‘f(sinx)dx
= Xsinx . mper SinX _omper 1 .1 B
(b) J.°l+coszxdX_EJ.OLLcosZxdx___-[01+coszxd(COS)()__E[tan (cos)}
2
_lhan (1) -tant1|l=_F| _T_T | _T
2[tan (-1)-tan 1] 2{ 1 4} 7
V1+CcosXx Jl+cosx(Jl+cosx—J1—cosx) 1+C0sX —sinx
© 9(x)= = = . xe[0, n].
V1+cosx ++/1—cosx (1+cosx)—(1-cosx) 2c0SX
, 1 (cosx )—sinx —cosx)—(1+cosx —sinx)—sinx) 1 —cos® x +sinx —sin? x
g(x)=§ ( 2 == i N
cosXx) 2 (L-sinx)Ll+sinx)
1 sinx—1 1

"2 (@-sinxfi+sinx)  2(L+sinx)

Using integration by parts, we have

[ 900 dx = xg(x); - [ xg" () dx = [rg() - 0g(0)]+ [ =X —ax =0+ Z ["—_

————dx
02(1+sinx) 2702(1+sinx)

=2 [,9W)dx=-Zg(x); =~ la(r)-g(0)] =~ Z[o-1]=7

2 2

d" y n 1 (n-k) © n ‘ ki .
A il — 1 (k)
dxn[xj k=0 ( J Y k=0 ( ) kﬂy

1 3 n n
n nl _Xd_y X_d_y_x_ﬂ++(_1)nx_d y
dx 20 dx*> 3 dx® n! dx"

1 2 3 n
g" fe” (1) e e+ e 1 L e e e (D)
dx" | x X" 2! 3 n!

Since |, =I: t”e"dt:—I: t"de™ =

X
=-x"e™* + nJ'O t"e'dt=—x"e* +nl
_ X oin -t _ n,—x _ n,—x ( n-1,-X )_ n,—Xx n-1,-x _
In_IO t"e 'dt=—x"e +nl , =—x"e*+n(-x"e* +(n-1,,)=—x"e* —nx"e* +n(n-I, =

nt( X X x" , .
=n!—(—1)"—£e “yxe™ e “re e | ,since lp=-e"+1

X" 3 n!
(D" X gnatar | — an Nl X X x? X x° X x"
o (n.—jo t"e dtj_(—l) e xe e e e e e (2

Combine (1) and (2), result follows.



2n-1).
(b)
4. (a)
(b)

Consider the equation:

o1, 202 x> -1
X" +xM+ L +x+1=0 < .
X_

=0 , x#l.o x"-1=0, x=1.

Now, x>"=1=cos2kn + i sin 2kn, SoOX= cos(zzk ]+|sm(22kn) k=12, ..,
n n

Note that k=0 case is excluded because x=1.

Notice that cos 2(2n -k +isin 2(2n -k cosz—kn—lsmz—krc
2n 2n 2n 2n

-1 [ 2km an) [ 2km 2knj
X —| COS—— +isin—— cOS—— —isin——
2n 2n 2n 2n

X e x4 e x+1

2n-1|
=11 (cos&Hsmz—knj =(x+1)
k=L 2n 2n

7T

=~
||
[N

:
N

=(x +1)H{x2 —2xcosﬁ+l}
k=1 n
n1 krn » ko
Put x=1,wehave 2n=2T112 1-cos—= 2H4sm
k=1 n 2n
n-1 n-1 n-1
n= 4”’1Hsin2k—_ 2”1Hsmk— :>x/H:2”’ll‘Isinkn:>1‘[snﬁ:£r_]1 e (D)
k=L 2n k= 2n kL 2n k= 2n 27

— n-1 n n-1 n-1
sinﬁsinﬁ...sinw Hsinﬁ=HZSlnﬁcosﬁ_Z”’lnsmﬁHsm E—ﬁ
n n n k=L n k4 2n n k=1 2n 2 n

n-1 _ n-1 2 ,/ 2
=2" 11‘Ism knl‘[sm M =2" HsinE _omy ¥ :L by ().
2 k=1

2n 2n 2”*1 2nl
,[ n-1
I/Z Insinxdx:limlz Insmk——llm Ianmk—_Ilm—In \/ﬁ , by ()
0 n—o 2N = 2n o= 2n 2n o= 2n
T \/ﬁ n n. Inn-(2n-2)In2 = i(lnx—(Zx—2)|n2)
seon (27 ) newdn (2972 ) 4o n 4 ay
dx

X—0 X

~Tintim{ 2 -21n2]=—Fin2
4 2

Consider the equation a”"— 1 =0, the roots are

a= (cis0)'*" =(cis 2k1t)”2"_0|522—knTc , k=0,1,...,2n-1.

=1-1 or cis(iﬁj, k= 1,...,n-1.
n

n-1j n-1
a” -1=(a-1(a+1) {Il[a - cis%}{a - cis(— ﬁﬂ = (a2 —1)Hl(l— 2acos ™+ azj

n n
If a’<1,

Is In(l 2acosx +a’ )dx—llm 2 In(l 2acos " +a’ J where X, =r—n,Axr -z
n n

n-w© N r=1



(@)

(b)

(@)

n=1 __a2n _a2n
:IimEInl‘I(l—Zacosr—n+az):IimEIn1 a :Iimﬁln(liml1 a J:Iimﬁxln[ll j:o

n—w N r=1 n n—w» 1—-a n—w® n»o ] —g n—» —a

If a®>1,
1_a2n

= |7 Inl-2acosx +a®Jdx = lim = In

J.O ( )j n—w | (1_a2J

e P S L

By L' hospital rule, I= mlim a™ . =2ninfal = xIna’
M 1= jxf“(x)dx Let u=x, dv=f"(x)dx, then du=dx, v=f’(x)

Integration by parts gives | =xf’(X) —_[ f'(x)dx =xf’(x)-f(x)+C

y , 1c,, 1
(ii) jf (2%) dx=5jf (2%) d(2x)=§f(2x)+c

0 f'(x2)=§:>d)%f(x2)=§:>dixf(x2) Og;z=§:>O%(f(xZ):2:>f(><2)=2x+c

=f(x)=2/x+C  (x>0)

T2
(i) f'(sin?x) = cos® x = if(sin2 x) /dsm X _cos?x :>if(sin2 x)= 2sin x cos® x
dx dx dx

4 _ ain? 2
:f(sinzx):j 23inxcos3xdx:—2_|'cos3xdcosx:—COS2 X+C——m+c

B 2

(iii)) For 0<x<1,

1

f'(lnx)=1:dixf(lnx) cfl—)(lnx=1:>d"%(f(lnx):%:f(lnx):—x—lz+C1:>f(x)=—62X+C1
For 1<x<+w,
f'(Inx)= x:dif (Inx) —Inx x:dif(lnx) 1=f(Inx)=x+C, = f(x)=¢* +C,
X

f0)=0 = Cy=1.
Since f hasaderivativeat x=1, —E}%+Cl=ex+c2 at x=1

1

. L ~ 241 ,0<x<1

—WJF1=e1+c:2:>CZ=1—e—e—2 Lo f(x)= e

1
¥ +l-e—-= ,1<X<+4w
e

=[° X= 5 where <EL9.
L T e g e e

Max (1) = (L:E and Min (1) = (L:E:S.

i 16 2o 25



d 5
5<Ij ﬁ<ﬁ

_ nl4 . 2 _ 4 nl4 E
(b) I—J'0 x/1+sm ede_\/1+sm gjo do , where O£§£4 .

o feam (1Y) [5 B N sl
Max (1) = ,[1+sin i lJ{«/Ej _\/;_ 5 and Min (I) =v1+sin"0 =1

1< \/1+sin“ede<§ .
n xdx 1 n 1 x2 | 4n? n
c) |I= = XOX=—"—| —| = where —<§E<m .
© -[ff/S 1+cos® X 1+0032&J‘n/3 1+0032&{ 2 1,3 9L+ cos? &) 3 .
2 2 2 2
Max ()= — 4% _4% and Min(y= — 2% _2%

9(1+ cos’ nj 9
2

2n? jn xdx 4r?
———<

9 73 1+ C0S” X 9

nl/2

2 2
d 1= jO/Z x«/sinxdx:w/sin&joj2 xdx=,/sin?{x7} =% sin& where osggg .

0

2 2 2
Max (1) = T o lsinZ=T and Min (I) = T Jsin0=0
8 2 8 8
2
0<jol2 X+/Sin xdx <%

1 1 1 1
(e) I=ﬁ x“e’xdx=<‘,“J‘:J exdx=—&’;4[ex]2=§4[1—l} , where 0<g<1.
e

AP 1 o
Max (1) = 1{1—-}:1—— and Min (1) = 04{1__}:0
e e e

@ Put y=1-x, B(p,q)=[, x"*Q-x)"dx =], L-y) "y (-dy)=], y"'L-y) dy=B(,p)
(b) (i) Using integration by parts,

B(p,q) =/, xp‘l(l—x)q‘ldx:%jé (1—x)q-ld(xp)=%[xp(l—x)q-l];—%jg xPd(L—x)**

:0—qT_1j xp(l—x)q‘z(—l)dx:qT_ljé XP(1—x)"2[1- (1 x)dx

1
0
0

_a-- _1jg xP (1 - x)*?dx _a-- _ljl xP(1—-x)" dx
p p

q-1 q-1
= Bp,q—l— Bp,q
a.0-1-9fp0)

g-1
+q-1

Solving B(p, q), we get  B(p, q) = ) B(p,q-1) 1)



(i) B(.9)=B@p= 2T B@p-1) .by@®) . B(.q =—L T Bp-Lq) by @)
p+g-1 p+gq-1

c) Put y=x", dy=mx dx =dx= =
() m d mld d dy dy

mx™* mym%
oY Lo nte e L (P
o xPrHL-x")dx =], y" (1-y)"™ m;1=aéy (1—y)qldy=EB(E,q
my ™

8. (b) Integrating (*), we get
TP (x—a)* (x =)™ *dx = [ [+ u)x - (au + b)]"*" dx
k=0

_ 1 1 _ m+n+1_ _ m+n+l b_a m+n_ m-+n—k _ m+n Kk
“1+u m+n+1{[(b ] (@-b) }_m+n+1k§o( Y o-a)y

Comparing the coefficient of U, Ib (x—a)"(x—b)" dx = ((r;ﬂ—nm'r&(b —a)™"
a +Nn+

9. Let I, =["Y" e ™f(x)dx
Let y=x-nm,x=y+nrg,dx=dy
I, =05 € 2 E (y 4 n) dy = e T e ¥f(y)dy, as f isperiodic with period &, f(y + nm) = f(y)

=e [T e ™f(x)dx

7 e™f(x)dx =31, =3 e ™[ e™f(x)dx = |7 e™F(x)dx}Se™ , infinite GP.
0 0 0

an

1 [5 e f(x)dx

1 e
= o e (x)dx =
1— efan -[0 ( ) ean

_ (b+jof(t)dt) (a+j0tf(t)dt) <a+jotf(t)dt)d(b+jof(t)dt)
ok (b+2f(ytf

(b + [XF () dtxf (x)]— (a + 2 tE ) e (x)]
(b+ 2 f(ytf

, by Fundamental theorem of integral calculus.

dy

-0 (b+ ¢y dtfxe(x)] = @+ [Xefdtfr(x)] = b+ [Fydt)x = @+ [Xtfydt), £(x)>o.

_a+j§tf(t)dt ~
b+ [Xf(Hdt

X=X

11. jb [fl(x)-tfz(x)]zdxzo@tzj: [fz(x)]zdx—zt[: fl(x)fz(x)dx+j: [F00Pdx>0 VieR.



-
1y 1 1
12. x*-x=|x-=| —==>-=<x*-x<2 vx €[0,2]
2 4 4
R 1 ) 1 ,
—et<e *<e’ = [ietdx<[le" ™ dx <[] e’dx =2 4 <[reX ™ dx < 2¢°
13. (@) F(nm)=G(hw)=0 since sin(hm)=0. Fand G are periodic since sin x and cos x are periodic.
F and G are odd since sin x is odd and cos x is even.
sina 1 sina
b) F(a)=]" dx = dx
(b)  Fl)=[, x? +2xcosa +1 I x? 4+ 2xcos o + cos® o +sin a
. 1
i sm2cx _ dx:[tanl x+.cosa} =tan1(1+-cosocj_tan1{—lf003aj
(x +cosa ) +sin o sinat |, sina sina
2c0s? & _2sin2 & o o
—tan— 2 | fanY— 2 =tan1[cot—)—tan1(— tan —)
2sin % cos & 2sin % cos & 2 2
2 2 2 2
—tanfcotZ |+ tant tan 2
2 2
For O<a<nm Flo)=tan?|tan| Z-2||+tantanZ || E_2 ] 2 X
2 2 2 2 2 2 2
For-n<a<0, —=<2<0, Flo)=tan|tan[ - Z-Z || +tan|tan 2 |=[- ST, 2T
2 2 2 2 2
. 1
) G- — sina dx = tan,lx+_cosa :tan1[1+_Cosaj—tan1(c9saJ
X +2xcosa +1 sina |, sina sina
2c0s? & o
=tan| ——2 | —tan"(cotor) = tanl(cot—]—tanl(cot )
.o o 2
2sin —cos—
2 2
For O<oa<m G(o)=tan?tan Z-2||-tan|tan| - Z—o||=[Z-L || Z_g|=2
2 2 2 2 2 2 2
For —-n<a<0, -4<2<0,
2 2
G(a) =tan|tan| - 2% | |—tan | tan| - L~ || =| - L - L | [- L |=2
2 2 2 2 2 2 2
() y=Fo) : y=G(a):
yA vA
2 2|
15| / 5 / /
1| // 1 // //
0.5 0.5
-2n - l¢] n 2n 3| x - - / n 37()(>
Qj //-0.5 //
= = = / _1'; / /

A<0 = [ fl(x)fz(x)dxs\/j: [fl(x)]zdx\/I: [F, ) dx




14.

15.

Let t=u", When t=1,u=1. When t=x",u=x. Also, dt=nu"'du.

nu"*du du X
Inx"=[" ———=n[ —=nlnu =nlinx
u u 1

11

Since % is a decreasing function, Vte[1,1+x],wehave (<1

From the graph (omitted), we get the area on integrating,

" Ldt<j1+X Tit < St ==
t 1+x

" N <Inl+x)<x, where x>0.
+ X

<=<==1, where x>0.

y
1 < InL+ x) <1

12

1+x X .
Taking limit as x — 0, and using the Sandwich theorem, ~ ~g, ~, ~——
0.6
lim—t =1, ~ limeEX) 0
x-0 1 + X x—0 X

0.2]

-2 -15 -1 -0.5 (0] 0.5 1

1 1 L. .
(@ y=— =y'=-—<0= yisincreasing forall non-zero x.
X X

O<=<—<—, VX, O<r-1<x<r
rox r-1
r r r 1 1 I'dX 1
—dx< .= dx<[. ,—— dx = —<| —<—
jr—l J.r—l -[f-lr_]_ r -1 x r-1
n 1 o ,dx no 1 11 1 pndx 11 1
—< —< — = —+—+.+—<| —<l+—+—F..+—
ré r EIHX r; r-1 2 3 n jlx 2 3 n-1
(b) 0<1<j:71d—x<L:>O<1<InL<L :O<InL—1<L—1
r x r-1 r r-1 r-1 r-1r r r-1r
2n 2n 2n 2n 2n
o< oo Do LI 1 gmo¥ilL
r=n+1 r-=1 rnar e\ r=1 r n r=n+1 I n 2n r=n+1 I 2n
1 1 1 1 1 1 1 1 1 1 1 1 1
© l-4+=-"+. +————=|l+=F+ =+t ——+— |- =+ =+ ...+ —
2 3 4 2n-1 2n 2 3 4 2n-1 2n 2 4 2n
11 1 ( 11 1]
=l+—4+—-+.+——|l+—+=-+..+—|=a,, —a,
2n n
1 1 1 1 1 1 1 1 1 a1
a,, —a, =l+—+-+..+—— |1+ -+ + = |[=——+ +..+—= —
2n n n+l1 n+2 2n a1
1 11 1 1 an 1
1-S4+= 4.+ -—=a,,-a,= Y = 1
2 3 4 n1 on ot TE= X T M)
2n 1 1 .o ] .1
Now, from(b), O0<In2- Y “<—=0<In2-1lim > =<Ilim—=0
r=n+1 I 2n N—>©r_ny1 [ n—o 2N
. .o ] 1 11 .o ]
By Sandwich theorem, lim > = =In2. By(1), 1-—+———+.. = 1lim Y = =In2

>0 r_nig I 2 3 4 n=%r=ns1 T

15

xy



2
@) y:it:d—y:— fljdi’ (t+1)>0 forall t>0,x>0.
X dx X dx x"

. 1 . . . . .
The gradient of the graph of y=—isnegative and increases steadily as x increases.
X

o [ Fdx

1
= area under the curve y=—-
X

< area of the trapezium

e

v

r r+1
1

@ I %dx which hold for t>0,r>1.
2

> area of the trapezium

= rectangle with height 1 and width 1 =

rt

—_ |

(b) From (1),

=l 1 10t 1 1
—dx <= —+
rgl I X' 25 {r‘ (r+l)t}

I %dx <1+%+i+...+i—£(1+ilj

3 nt 2 n
1 1 1 1
—+——<G M) =1+—++. +—— —dx
2 2n' = 2t 3 I

. 11 1 1 1
From (2), —ax > —:> —dX>1l+—+—+..+—
() z I ?l X Z J’; Xt 2[ 31 nl

1 1 1 1 et 1 n 1 1 n+ 1
Gn(t):l+?+§+"'+F_I1 7dX<".12 FdX—J.l FdX:J.UZ FdX‘i‘I n% 7dx
2

1 1 1 _t x 1 1 1 .
c —dx = X dx = = 1-— |, if t=1.
( ) Jl/Z Xt .[1/2 |:_t+1 1/2 1_t 214

j"+}/2 L ax < j"+}/2 Lax=L ,  since the integrand is a decreasing function.
n Xt n nt 2nt

(d) From(b), (c), %+$<Gn(t)<ﬁ,2 O —dx<i(1—i]+i

1-t 271 ) 2n'
lslimGn(t)s 1 1—% since  lim—
2 n—w 1 t 2 n-wo 2N

1 1
1-— || =
n—w n—>oo|:]__ t ( 21" ji|

=0

t

and by Sandwich theorem, Ilm[llmG (t)] =3 since lim

N |~

v



17.

18.

1 1
+...+F—Il 7

n—w=t-0*

. . 1 1
!L@Gn“)—t'i’é?{“?*?

dx}= n—-fldx=n-[n-1=1= Iim[limGn(t)] =1

Consider g(A)=f(ra+ (1 -A)b)-Af(d) - (L -A)f(b) asafunctionof A, forall 1>1>0
g\)=(@-b)yf'(ra+(1-21)b)-f(a)+ f(b)
g"() =(a-b)*f"(ra+(1-A)b)<0, sincef”(x)<0 forall x>0 ... 1)

Since g(0) = g(1) = 0, by Mean Value Theorem, 3& 0<&<1,suchthat g'(g)= Mg(o) = % =0.

1
vx, 0 <x <&, by Mean Value Theorem, 3&;,x <& <§&, suchthat g¢"(¢,)= g'(?_ () _ g .
- X -X

By (1), g"(¢1)<0and since §&>x,wehave g'(x)>0.

VX, &<x <1,byMean Value Theorem, 3&,, & <& <x, suchthat g"(&,)= g(x)-g'E)_ ') .
X X

By (1), g"(§2)<0and since &>0,wehave ¢'(x)<0.

There is one and only one max of g(A) when A =¢.
Since f isa twice differentiable function and is therefore continuous, g is also continuous.
Since g(0) =g(1) =0 and g has only one max, we have g(A)>0forall A, forall 1>X1>0
f(ra+(Q-Mb)-Af(@-(1-2)f(b)>0 andhence f(Ara+ (1-A)b)>Arf(a)+ (1-2)f(b)

1(, .. X .
@ f(x)=x—§[8smz—smxj

f‘(x)=1—l acos —cosx |=1-1|acosX —[ 2c0s? X 1| = 2| cos? X ~2c0s X +1
3 2 3 2 2 3 2 2

2 2
_2 cosX—1 _2 2sin? > :§sin45
3 2 3 4 3 4
8.x . .4X
(b) From (a), f(x):§j0 sin de
For x > 0, cosX<1 and sin><X ssint XeosX <sint X o[ X
4 4 4 4 4 4 4

§jx sin“icosidx<§[x sin“idx<§jx X 4dx
3 44 30 4 3% 4

5
C i X cp <22
15 4 15 4

(c) f m_n 1 8sin— —sin— _r 1 8sin| =—Z|—sinZ
6) 6 3 12 6) 6 3 4 6 6

:E_E 8 SinECOSE—COSESiHE _l :E_E 8 iﬁ_il _1
3 46 476 2

o A R e GO I o




5
From (b), “2sin® ™ < f(%) < 32[ =
157 24 ‘6’ 15|24

Since %sin5l~0 g(ifzo, f[%)z%—%h(\@—ﬁ)—l]zo

24~ 7 15\ 24
n~4(v/6 —2) -1
n+1 n
19. Let f(x)=M,then f'(x)=M>0,since x>0,nel.
(n+x) (n+x)"
f(x) is increasing.
0010 = 1= g 0 (et )
n+X n+
n n+1
= (1+5) <(1+Lj
n n+1
Let g(x):%,where 0<x<n, nelN. g‘(x)=%>0
n—x n—x
(n+1-x)" (n+1)™ (h+1-x)"" _ (h—x)
909>90) = gk)= T R 1) = W

n n+l
= (5] <)
n n+1

20. (a),(b)  Bookwork, Leibnitz's Theorem. omitted

2
© (x? +1)d—¥+xd—y—m2y:0
X dx
Differentiate n-times and using Leibnitz's theorem,
[(X2 + l)y(”*z) +n(2x)y™® + _n(n2|— ) (2)y(”)} + [xy(”*” +n(Ly™ ]— m2y™ =0
(X2 +2)y™2 +(2n + Dxy™ + (2 —m?)y™ =0

Put n=m in@@, (+1y™ +(2m+1xy™ +(m? -m?ly™ =0

g'(x) _ (@m+1)x

If g(x)=f™Dx)=y™  then

g(x) x?+1

Ig'(x) X = @m+Dx | d[g(x)] _ _(Zm JrljI d(x2 +1)
g(x) x?+1 dx 2 (x2 +1)

= In[g(x)]= _(Zm +1) In(x2 +1)+ INC = g(X) = w7

(x2 +1)
20, @ | cos 0do —j(2+°059)_2de—j do _2f do
' (2+c0s0)" ° (2+c0s0)"  ’(2+cos0)"t 7 (2+cos0)"
= lpa-2l,
®) | cos’ 0do _j(2+cose)2—4cose—4de

(2+cos0)" (2 +cos0)"

@)

)

10



de 4 cos0do 4 do
(2+cos0)" (2+cos0)"

= lh2 = 4(lh1 = 215) - 4, = lho— 4l + 4,
© d|  sin@ | (2+cos6) cos®—(n—1)(2+cosB)*(-sin H)sin O
dx | (2+cos6)"™ (2+cosB)"?
_ 2c0s0+cos’0+(n—1)sin’0 _ 2cos0+cos’ 0+ (n —1)(1—cos’ )
(2+cos0)

=] (2+cos0)"?

(2+cos6)’
_2c0s8-(n-2)cos’6+(n-1) _ ,_ C0s@ : _(n—Z)Lean—l);n
(2+cos0) (2+cos0) (2+cos6)

(2+cos0)’
Integrate the above identity, we get:

cos0do
(2+cos0)" ~(n-2)
=2(lha—-2l) - (n=2) (lho— 4l +4l) + (n-1) I,

n

H 2
sin© =2I cos” 0do +(n-1)l
(2+cos0)"

(2+cos0)"*

_ sin® Cn 3

3n=-1) 1,= —(2+cose)”’1 (n-2)1,,+22n-3)I,,
1 sin©

I, = 300D {— 21 c0s0) -(n-2)1, +2(2n—3)|n1}

2n/3 do 1 sin® 2n/3 213 do
@ J5 e T 2l o
(2+cos0)° 3| (2+cosO) | O (2+cos0)
42
L V312 +2jf—1 5 Zdt2 , t=tan9, d6=—2dtz,cose=—1 tz
3| 2-@1/2) 1-t? 1+t 2 1+t 1+t
L 1+1t?
_1 _£+4 f dt2 _1 —ﬁJritan‘lix/§ I . =£(7T—1)
3 3 3+t°| 3| 3 3 J3lo| 3] 3 434 9
22, f(xy) = f(x) + f(y) Q)
Put y=1, f(xx1)=f(x)+f(1) = f(1)=0 .
f x(l+h] S0 )10 M- ()

Fx) = lim FEN=T0) X — lim X by (1)
_hao h _h~>0 h _h~>0 h By '
f(1+) . f[1+h] . f(1+h]—f(1)

. . X
_Lm . ;IEI—IT(]J 0 Xlnl_rg h ,by (2)and x=0.
" X " X
llimf(1+h')—f(1)_f'(1)
X h'—>0 h' X
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23.

24.

(b)

(©

(b)

(i) hx) = % = h(x)=T

(i) By(i), h(x)=h(e) =

l<0 ,X<e
X=2l_o X =e

2
>0 ,X>e

In“ x

£ e , forall xe(1, ).
e

x" x"*(b - xInb)

00 =1 =F0)="—=3

f(x) isincreasing < f(X)>0<b-xInb>0 @Xe(llj

f(x) isdecreasing < f(x)<

Inb
Giventhat 1<a<b<e,h(x) isdecreasingon (1,e),by(a), h(b)>h(e). .. %
.. . b a® b b a
By (b), f(x)isincreasingon |1,— |, f(a)<f(b) .. —<—=1 or a<b'.
Inb b* b
(i) Forany x>0, (1+x)”:1+nx+n(n2 Do g ax >n(n2—l)xz , VneN.

Put x=%n-1,
fLra/n 1) > 20O 1)(

= —>\/_ 1=lim
n-1

n—o0

But n>1 =n>

Inb

0eb-xInb<0 @Xe(i ooj

1)Z =>n>——= n(n Dy (\/_—1)2 :>1>(n_2—1)(%_1)2

1/n>llm\/_ 1:>0>I|m\/_ 1:>I|m\/_<l

n—w nN—o nN—o0

ﬂ:%zl:lim%zl

Combine (1) and (2), lim¥n =1 .

iy nP+n+1 [n*+n+1
(i) 8— > 5
n°+1 n

By Squeezing Principle,

fx)=x"" = Inf(x)

:f'(x):%):)[lne—ln x]= f'(x

f(x) isincreasingon (0, e) = f(1)<f(2)

3 3 3 4

n 1 n°"+n+1 n 1
>n— =|——| and N <=
n

¢ \Wn n®+1 n® a/n

3
. n°+n+1
|Im1“,5—=1
oo nY+1

|_\

v_

WX x>0 = = ()= nxsaxto L
f(x) X X X

>0 0O<x<e

=0 X=e

<0 X >e

h(x) hasalocal minimumat x=e

@

2

= 32
f(x) isdecreasingon (e, +o) = f(3)>f@4)>f5)>.. = Y3>44>5>..
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Since /2 ~1.414, 3/3~1.422, therefore the greatest value among the sequence

fn} n=1,2, ... is ¥3~1422

25. y=sin'x = siny=x = cosyﬂzl 1 ! !
dx dx cosy \/1 sin’y x/l x’
. . 1.8\2 dy 1 ]
y =sin 7X + (sin"x) = —= +2(sin*x) 1+ 2lsin™ X e (D)
dx \/1_— ( /\/1 2 \/1_)(2 [ ( )]

d’y 1 2 N X 1 1+2(S|n x) 1 [ dy}

= 1+2 = 2+ 2+X—=
dx 2 \/l—Xz l:\/l—Xz :|+[ + (Sm X)J(l_xz)S/z \/1 2 T1-x? +de

2
(1—x2)d—y—xﬂ =2 e (2

Differentiate (2) n-times and using Leibnitz’s Theorem,

n+2 n+l n n+l n
{(1—x2)GI Y i n(-2x) >1'+”(”_1)(—2)OI y}{xd Y ind y}o
dx™ 7 dx " 2 dx" dx™ dx"

(1_X2)dn+2y dn+1y_n2dn_y:

—x(2n +1) " 3)

Put n=2r-1 and x=0 in (3),
d2r+ly
- OZ)W

2r+l

d2r er—l d2r+l d2r—l d2r+l d2r 3
dXZ)r/ (2r—1)2 der}l/ :0: dXZrX :(Zr_l)z dXZr—{ = dXZrz :(Zr_l) (Zr 3)2 d ng

[1+ 2(sin"0)]

Y _(2r-1p(2r-3)..31 Zgy (2r -1 (2r - 3)...32.12

= O o1y -y. 3 {(erzr_léf)r(;f_)(f{.; 3)._.3.2.1} {(22)} L {(Zﬁ) }
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